A recently developed efficient recursive approach for analytically calculating the short-time evolution of the one-particle propagator to extremely high orders is applied here for numerically studying the thermodynamical and dynamical properties of a rotating ideal Bose gas of 87 Rb atoms in an anharmonic trap. At first, the one-particle energy spectrum of the system is obtained by diagonalizing the discretized short-time propagator. Using this, many-boson properties such as the condensation temperature, the ground-state occupancy, density profiles, and time-of-flight absorption pictures are calculated for varying rotation frequencies. The obtained results improve previous semiclassical calculations, in particular for smaller particle numbers. Furthermore, we find that typical time scales for a free expansion are increased by an order of magnitude for the delicate regime of both critical and overcritical rotation.
Introduction
Bose-Einstein condensation (BEC) represents a macroscopic quantum phenomenon of recent broad research interest [1, 2, 3, 4] . Since its first experimental realization in 1995, it has been extensively studied experimentally, analytically, and numerically. The two main research directions are weaklyinteracting dilute gases in magneto-optical traps and strongly-interacting quantum gases in optical lattices. The behavior of a Bose-Einstein condensate under rotation is essential for understanding many fundamental BEC phenomena. For instance, its response to rotation represents one of the seminal hallmarks of superfluidity [5] . However, once a harmonically trapped Bose-Einstein condensate is rotated critically, i.e. the rotation frequency becomes so large that it compensates the radially confining harmonic frequency, the system turns out to be radially no longer trapped. In the absence of additional potential terms the condensate would start to expand perpendicular to the rotation axis. For an overcritical rotation, this expansion would even be accelerated by the presence of a residual centrifugal force. In order to reach experimentally this delicate regime of critical or overcritical rotation, Fetter suggested in Ref. [6] to add an additional quartic term to the harmonic trap potential. Using a Gaussian laser beam propagating in the z-direction, this has been realized experimentally in Paris by Dalibard and co-workers for a BEC of 3 · 10 5 atoms of 87 Rb [7, 8] . The resulting axially-symmetric trap with a small quartic anharmonicity in the xy-plane, seen by individual atoms, has the form
with the perpendicular radius r ⊥ = x 2 + y 2 , as well as the trap frequencies ω ⊥ = 2π × 64.8 Hz, ω z = 2π × 11.0 Hz, and the trap anharmonicity k = k BEC = 2.6 × 10 −11 Jm −4 . Furthermore, the rotation frequency Ω, which is measured in units of ω ⊥ , i.e. it is expressed by the ratio r = Ω/ω ⊥ , represents the tunable control parameter which could be experimentally increased up to r = 1.04. This highest possible rotation frequency seems to coincide with an instability which follows from a Thomas-Fermi solution of the GrossPitaevskii equation [9] .
As long as we can ignore the presence of twoparticle interactions and approximately describe the system with the ideal Bose gas, its manyparticle properties in the grand-canonical ensemble are exclusively derivable from one-particle states. When considering the thermodynamic limit, usually the semiclassical approximation is applied, where the one-particle ground state E 0 is retained and treated quantum mechanically, while all oneparticles states above E 0 are approximately treated as a continuum [10] . This semiclassical approximation remains reasonable good irrespective of the rotation frequency Ω once the total particle number N is large enough and the trap anharmonicity k small enough. The latter condition implies that the underlying one-particle potential (1) has a small curvature around its minimum. However, in this context the question arises for which system parameters such a semiclassical approximation is not sufficient for a precise description of BEC phenomena, as well as when it finally breaks down, requiring a full quantum mechanical treatment of the system.
In order to analyze this fundamental problem more quantitatively, it is mandatory to determine the one-particle energy eigenvalues and eigenfunctions fully quantum mechanically. To this end we apply a recently developed ultra-fast converging path-integral approach for calculating the imaginary-time evolution amplitude of general nonrelativistic many-body systems [11, 12, 13, 14, 15] . In this approach a hierarchy of discretized effective actions is introduced where higher terms, compared to the naive action, substantially reduce errors in calculations of transition amplitudes. In particular, this allows a systematic derivation of discretized effective actions of level p, which lead to a 1/N p -convergence of discretized time-sliced transition amplitudes within the continuum limit N → ∞ of infinitely-many time slices. In addition, the improved convergence of transition amplitudes, calculated with the level p effective action, can be used to construct higher-order analytic approximations for short-time propagators. Furthermore, the N = 1 time-slice approximation turns out to be valid for short imaginary times and useful for small values of the inverse temperature in applications in quantum statistical physics. The recent Refs. [16, 17] demonstrate that this path-integral approach allows to determine a huge number of both eigenvalues and eigenfunctions of quantum systems with very high accuracy using exact numerical diagonalization.
In this Letter we show how this path-integral approach is applied for studying both global and local properties of fast-rotating Bose-Einstein condensates. To this end we proceed as follows: Sec. 2 briefly reviews the main ingredients of the pathintegral approach in the general context of ideal Bose-Einstein condensates. Then we calculate in Sec. 3 a large number of energy eigenvalues and eigenfunctions for the anharmonic one-particle potential (1). Afterwards, Sec. 4 discusses how a finite number of numerically available energy eigenvalues affects the results and how they can be improved by introducing systematic semiclassical corrections. On the basis of this precise numerical one-particle information, Sec. 5 studies global properties of a rotating condensate, for instance the condensation temperature T c as a function of rotation frequency Ω and the ground-state occupancy N 0 /N as a function of temperature T . Finally, Sec. 6 is devoted to the calculation of local properties of the condensate, such as density profiles and time-of-flight absorption pictures. Sec. 7 briefly summarizes the main results presented in this Letter.
Many-Versus One-Particle Physics
At first we demonstrate that a precise numerical access to one-particle eigenstates allows the calculation of the condensation temperature and other thermodynamic properties of an ideal Bose gas. Afterwards, we briefly review details of the pathintegral effective action approach for a numerical study of a 87 Rb BEC in the anharmonic trap (1).
Ideal Bose Gas
For high temperatures, the grand-canonical partition function of an ideal Bose gas is given by
where ν enumerates all possible configurations of the system, β = 1/k B T represents the inverse temperature, and µ denotes the chemical potential. As the ideal bosons do not interact, the system energy E ν can be expressed in terms of single-particle energy eigenvalues
where n counts single-particle energy states, while N ν(n) = 0, 1, 2, . . . and E n stand for the occupancy and the energy eigenvalue of level n, respectively. Correspondingly, the number of particles in the system reads
Thus, the grand-canonical free energy F = −(ln Z)/β results to be
where a subsequent Taylor expansion of the logarithm yields
usually denoted as the cumulant expansion. Thus, the many-body thermodynamic potential (6) of an ideal Bose gas is exclusively determined by singleparticle states via the one-particle partition function:
In principle, the above outlined exact calculation of the many-body free energy allows a full numerical description of ideal Bose gases, and can be also applied for studies of dilute Bose gases in the case when interactions are negligible. However, it becomes numerically very involved even for simple trapping potentials at low temperatures. In addition to this, the BEC phase transition is achieved only in the thermodynamic limit of an infinite number of atoms, thus making numerical studies of the condensation increasingly difficult. Usually, this problem is solved by fixing the chemical potential µ at the low temperatures of the condensate phase to the ground-state energy, i.e. by setting µ = E 0 , and to treat the ground state separately, by explicitly taking into account its macroscopic occupation N 0 . Thus, for low enough temperatures the grandcanonical free energy (6) is modified to
In order to avoid any double-counting, we have subtracted in the first line the contribution of the ground state within the one-particle partition function, whereas the second line takes into account a possible macroscopic occupation of the ground state. The resulting total number of particles N = −∂F /∂µ follows to be
This particle number equation serves different purposes in the respective phases. Within the gas phase, where the macroscopic occupation of the ground state vanishes, i.e. we have N 0 = 0, Eq. (9) determines the temperature dependence of the chemical potential µ. On the other hand, within the BEC phase the chemical potential µ coincides with its minimal value, i.e. the ground-state energy E 0 , so Eq. (9) yields the temperature dependence of N 0 . Therefore, the value of β c = 1/k B T c , which characterizes the boundary between both phases, follows from Eq. (9) by setting N 0 = 0 and µ = E 0 :
We conclude that, for a given number N of ideal bosons, the condensation temperature can be exactly calculated only if both the single-particle ground-state energy E 0 and the full temperature dependence of the one-particle partition function (7) are known.
Path-Integral Approach
The recently developed path-integral approach [11, 12, 13, 14, 15] allows an efficient and fastconverging numerical calculation of all one-particle properties of quantum systems [16, 17] . Note that this general numerical approach is suitable to treat arbitrarily-shaped trap potentials and is also applicable for exact studies of many-body problems. In this Letter we consider BEC experiments performed by Jean Dalibard's group [7, 8] , where a trapping potential with a quartic anharmonicity was realized. For this reason, we will specialize our numerical approach in the following to such potentials in order to quantitatively analyze this seminal experiment.
The quantum statistical imaginary-time transition amplitude A(a, b; t) = b|e −tĤ/ |a follows in the continuum limit N → ∞ of infinitely-many time slices A(a, b; t) = lim
Here the time-sliced amplitude A N (a, b; t) is a product of short-time amplitudes corresponding to the introduced time steps, and is expressed as a multiple integral of the function e −SN / , where S N is usually called discretized (Euclidean) action [18] . For the simplest one-particle theory with the Euclidean Lagrangian L =q 2 /2 + V (q), where the coordinates are rescaled so that the mass is equal to unity, the naive discretized action is given by
with the abbreviations ε = t/N , δ n = q n+1 − q n , q n = (q n+1 + q n )/2 and boundary conditions q 0 = a, q N = b. Using the naive discretized action leads to the convergence of the transition amplitudes to the continuum as slow as 1/N . Starting from the one-particle Schrödinger equation in d spatial dimensions, we have derived a hierarchy of discretized effective actions S N with a systematically improved convergence to the continuum result. The general short-time amplitude is first written in the form
were W (q n , δ n ; ε) stands for the ideal discretized effective action, giving exact transition amplitudes in any discretization. In fact, the above equation is valid for any propagation time t, not just for short times, and if we were able to calculate exactly the ideal effective potential W , we could use it directly to calculate the long-time transition amplitude A(a, b; t). This is practically possible only for a limited number of exactly solvable models. However, we have derived a recursive approach which allows for an efficient analytical calculation of a highorder short-time expansion of the effective potential [15] . If we insert the expansion W (p−1) calculated to order ε p−1 into Eq. (13), we get the short-time amplitude
which is designated by p due to the fact that
is multiplied by an additional factor of ε in the exponent. This yields a result for the exponent which is correct up to order ε p , i.e. its error is proportional to ε p+1 . If we take into account the pre-factor 1/(2π ε) d/2 , the above expression for the short time amplitude A (p) gives overall errors proportional to ε p+1/2 in d = 1. Consequently, in d = 2 spatial dimensions, which is the case relevant here, the errors of short-time transition amplitudes would be of the order ε p . However, if we consider the N dependence of the above expression, the errors are always proportional to 1/N p+1 , since the pre-factor 1/(2π ε)
d/2 will be absorbed in the normalization of the amplitude A(a, b; t). When used to calculate a long-time transition amplitude, the product of N short-time amplitudes will subsequently lead to errors proportional to 1/N p , as demonstrated conclusively earlier in Refs. [11, 12, 13, 14] .
Typical values of the inverse temperature β in BEC experiments are quite small compared to the typical energy scale which is defined by the harmonic trap frequencies. For example, in the Paris experiment [7] the dimensionless value of βω ⊥ ranges between 10 −3 and 10 −1 . Therefore, one can immediately use the above formula for the amplitude A (p) and calculate the corresponding oneparticle partition function by numerically integrating the diagonal amplitude A(a, a, β) over the coordinate a. For small enough β the above formula converges rapidly, and the amplitudes can be calculated exactly for all practical purposes. We refer to this approximation as the N = 1 approximation, since it corresponds to having only one time-slice in the standard definition of the transition amplitude in the path-integral formalism.
However, the direct use of this approach has several disadvantages. First of all, one still has to perform an integral over the diagonal coordinate a in order to calculate the partition function. Second, this has to be done repeatedly for each value of the inverse temperature β. And most importantly, one has also to extract the value of the ground-state energy in view of the particle number equation (9) . In principle, this is done by studying the high-β regime, where the short-time expansion (14) is not valid. Although this procedure works also for lower values of β [19] , it requires the numerical calculation of the one-particle partition function and a detailed study of its dependence on the inverse temperature in order to obtain the ground-state energy with sufficient precision. For this reason, the algorithm becomes numerically complex and difficult to use, especially in cases where the ground state is degenerate. 4
The approach based on a numerical diagonalization of the space-discretized evolution operator [16, 17] effectively resolves all of the above issues.
It allows the precise numerical calculation of a large number of energy eigenvalues and eigenstates of the single-particle Hamiltonian. Once calculated in the low-β regime, these data can be used to obtain the one-particle partition function for any value of the inverse temperature β in a numerically inexpensive way. Calculations based on this approach do not have restrictions in the high-β regime, where, in fact, they turn out to yield results with even better precision. In addition, the one-particle energy eigenfunctions obtained by the exact diagonalization will allow us to calculate local properties of Bose-Einstein condensates with very high accuracy.
Numerical Calculation of Energy Eigenvalues and Eigenstates
The most efficient method for calculating properties of few-body quantum systems is the direct diagonalization of the space-discretized propagator in imaginary timeÛ (t) = exp(−tĤ/ ) [16, 17, 20, 21, 22, 23] . Here t represents the appropriately chosen propagation time, for which we can calculate the matrix elements of the evolution operator analytically within our path-integral approach in the N = 1 approximation.
On a given real-space grid defined by a set of coordinates x j = j∆, where ∆ denotes the spac-
d is a d-dimensional vector of integers, and L denotes the spatial cutoff, matrix elements of the propagator are just short-time transition amplitudes
Note that throughout the paper we use dimensionless units, in which any energy is expressed in terms of ω ⊥ , while the length unit is the corresponding harmonic oscillator length /M Rb ω ⊥ . The eigenvectors ψ n (j∆) of such a discretized evolution operator matrix correspond to the spacediscretized eigenfunctions of the original Hamiltonian, and the corresponding eigenvalues E n are related to the eigenvalues of the single-particle Hamiltonian by e −tEn/ . A detailed analysis of discretization errors of this method is given in Ref. [16] . It provides a practical algorithm for choosing optimal discretization parameters which minimizes the associated errors. Table 1 : Lowest energy levels of the xy-part of the BEC potential (1) for non-rotating (r = 0) and critically rotating (r = 1) condensate with the quartic anharmonicity k = k BEC (top) and k = 10 3 k BEC (bottom). They are obtained by using level p = 21 effective action with the discretization parameters of Table 3 . The spacing ∆ was always chosen so that L/∆ = 100, and the propagation time was t = 0.2 for k = k BEC and t = 0.05 for k = 10 3 k BEC . Errors are given by the precision of the last digit, typically 10 −12 to 10 −13 , and are estimated by comparing the numerical results obtained with different discretization parameters.
Another source of errors is related to the fact that for non-trivial potentials it is not possible to calculate exactly evolution operator matrix elements. Higher-order effective actions minimize the errors for a given propagation time t and allow an optimal choice of this parameter as well by taking into account other discretization errors, as was shown in Ref. [17] . This approach is able to give very accurate energy eigenvalues even for moderate values of the propagation time t of the order 0.1. Table 1 presents the first several energy eigenvalues for the two-dimensional (xy-) part of the BEC potential (1) for the non-rotating case (r = 0), as well as for the 5 Table 2 : Lowest energy levels of the xy-part of the BEC potential (1) for over-critically rotating (r = 1.04) condensate with the quartic anharmonicity k = k BEC and k = 10 3 k BEC according to the same numerical procedure as in Table 1 .
critically-rotating condensate (r = 1). The top table gives the energy spectrum of the potential with the anharmonicity k = k BEC used in the experiment [7] , while the bottom table shows the spectrum for the much larger anharmonicity k = 10 3 k BEC . The degeneracies of numerically obtained eigenstates in all cases correspond to the expected structure of the spectrum, which can be deduced from the symmetry of the problem. In addition to this, the interesting case of critical rotation (r = 1) allows a further verification of the numerical results. To this end we recall that the energy eigenvalues of a pure quartic oscillator, to which V BEC reduces in this case, are proportional to k 1/3 due to a spatial rescaling in the underlying Schrödinger equation. Therefore, we expect that the energy eigenvalues for k = 10 3 k BEC are precisely 10 times larger than the corresponding eigenvalues for k = k BEC . Comparing the rightmost columns in Table 1 we see exactly this scaling. This demonstrates conclusively that the presented method can be successfully applied also in this deeply non-perturbative parameter regime. Furthermore, Table 2 gives the energy spectrum of an over-critically rotating (r = 1.04) condensate, illustrating that the same approach can be used in this delicate regime as well.
With these results single-particle partition functions Z 1 (β) can now be calculated according to Eq. (7). This is especially suitable for the lowtemperature regime, when higher energy levels give a negligible contribution. Although the above described approach is able to accurately give several thousands of energy eigenvalues, their number is always necessarily limited. This is easily seen from Fig. 1 , where we compare the density of states for a critically rotating condensate with the corresponding semiclassical approximation for the density of states [17] . This comparison allows to estimate the maximal reliable two-dimensional energy eigenvalue E max which can be obtained numerically for a given set of discretization parameters. For example, from Fig. 1 we can estimate E max ≈ 90 for r = 1 with the discretization parameters L = 22.3, L/∆ = 100, and t = 0.2. Table 3 gives estimates for the maximal reliable energy eigenvalue for the anharmonicites k = k BEC and k = 10 3 k BEC for several values of rotation frequencies. These results are obtained from numerical calculations using the SPEEDUP codes [24] . This table gives also an overview over those discretization parameters which were used for a numerical diagonalization of the BEC potential (1) in order to calculate both global and local properties of the condensate throughout the whole paper.
In the low-temperature limit the finiteness of the number of known energy eigenstates does not present a problem. In fact, a precise knowledge of a large number of energy eigenvalues makes this approach a preferred method for a numerically exact treatment of low-temperature phenomena. On the other hand, the high-temperature regime, where thermal contributions of higher energy states play a significant role, is not treatable in the same way. This regime is usually not relevant for studies of 6 (1) for different values of r = Ω/ω ⊥ , estimated from comparing the numerically obtained density of states ρ(E) with the semiclassical approximation. The numerical diagonalization was done using level p = 21 effective action. The spacing ∆ was always chosen so that L/∆ = 100, and the propagation time was t = 0.2 for k = k BEC and t = 0.05 for k = 10 3 k BEC . The total number of reliable energy eigenstates is in all cases of the order of 10 4 .
BEC experiments, but we consider it for the sake of completeness. Furthermore, we want to demonstrate that the effective action approach can even be successfully used for studying this parameter range. In the case that the temperature is high enough, so that effects of higher energy eigenstates cannot be neglected, the inverse temperature β becomes a small parameter. Thus, it becomes possible to calculate numerically the single-particle partition function as a sum of diagonal amplitudes, i.e.
where ∆ represents the spacing and, as before, the values of j are defined by d . Note that this can be verified, since the evolution operator matrix elements are calculated using the analytic approximation (14) with level p effective potential (17) where β plays now the role of the imaginary time, and the influence of the kinetic term is not present since U jj is a diagonal transition amplitude (δ = 0).
Finite Number of Energy Eigenvalues and Semiclassical Corrections
In the previous section we have described a numerical approach which is capable of providing a large number of accurate energy eigenvalues for a general quantum system. Its major application is for few-body systems, where the complexity of the algorithm is very low. For instance, we are able to calculate typically 10 4 energy eigenvalues for the considered BEC potential (1) . In this section we discuss in more detail how the finiteness of numerically available energy eigenstates affects the calculation of thermodynamic properties of BoseEinstein condensates.
As outlined in Sec. 2, the information on singleparticle eigenvalues is sufficient for calculating the condensation temperature according to Eq. (10). Below the condensation temperature, the groundstate occupancy follows from solving the equation
In practical calculations, however, one is inevitably forced to restrict the sum over m in the cumulant expansion (18) to some finite cutoff M , resulting in the following approximation for the number of thermal atoms
Thus the ground-state occupancy N 0 depends for each particle number N and temperature T also on this cutoff M . In particular, solving (19) for the (inverse) condensation temperature, obtained by demanding N 0 = 0, will yield β c (M ) with an explicit dependence on M . The exact condensation temperature β c is only obtained in the limit M → ∞. Fig. 2 illustrates the M -dependence resulting from Eq. (19) for both a non-rotating and a critically rotating condensate. As expected, the sum saturates for high values of M to some finite number N − N 0 . By tuning the temperature in such a way that the sum saturates at the desired value of the total number of atoms N in the system, which implies N 0 = 0, one is, in principle, able to extract the condensation temperature T c .
Although the results in Fig. 2 suggest that this approach can be applied straightforwardly, a closer 7 look at the results for numerically calculated values of N − N 0 reveals several problems that have to be addressed. At first we have to investigate how the results depend on the number of energy eigenstates used in the numerical calculation. Fig. 3 gives this dependence for a critically rotating condensate at its critical temperature T c = 63.30 nK. We can see that the dependence on the maximal available twodimensional energy eigenvalue E max is quite significant. The inset of this figure reveals another problem: the value to which number N 0 − N saturates depends in addition on the cumulant cutoff M , as explained earlier. While the M -dependence can be dealt with by using a very large value of the cumulant cutoff in numerical calculations, the dependence on the maximal energy eigenvalue E max must be eliminated by taking into account a proper semiclassical correction to the single-particle partition functions. Namely, the finite number of energy eigenstates implies that the single-particle partition functions are only estimated by
where n max corresponds to the value E max of the numerically available maximal energy eigenvalue. A semiclassical correction to this value, can be calculated according to Ref. [10] as
where H(x, p) represents the classical Hamiltonian of the system, while Θ denotes the Heaviside stepfunction.
For the trap potential (1) we have in z-direction a pure harmonic potential which can be treated exactly. Therefore, we focus only on the twodimensional problem in the xy-plane. In this case, the semiclassical correction for the single-particle partition function (21) can be expressed in terms of the complementary error function:
When this semiclassical correction is taken into account, the numerical results show almost no dependence on E max , as can be seen from graph we also see that E max must be chosen in accordance with the value estimated in the previous section for the maximal reliable energy eigenvalue obtained by numerical diagonalization. If we use a value E max larger than this, we will be underestimating the higher part of the energy spectra, and obtain incorrect results. For a critically rotating condensate with the anharmonicity k = k BEC the estimated value of E max from Table 3 is around 90 ω ⊥ , which agrees with the results from the inset of Fig. 4 . If we use this value for E max and calculate properties of the condensate using numerically obtained eigenstates below E max with semiclassical corrections according to Eq. (22), we will obtain the exact results with very high accuracy.
Global Properties of Rotating BoseEinstein Condensates
In this section we will apply this approach to calculate different global properties of rotating BoseEinstein condensates.
Condensation Temperature
If we take into account semiclassical corrections as explained in the previous section, we can calculate, for instance, the condensation temperature of the condensate for different rotation frequencies. This implies that we have to find the temperature The discretization parameters are given in Table 3 , and the results are calculated by taking into account semiclassical corrections. The dashed line corresponds to the number of atoms N = 3 · 10 5 in the experiment [7] . For comparison, the full lines depict the semiclassical results from Ref. [10] .
for which the number of thermal atoms N − N 0 saturates precisely at the total number of atoms N . In practice, this works the other way around: for a given condensation temperature T c we numerically calculate the particle number in the system using Eq. (19) , which gives the number of atoms in the system required for a condensation temperature to be equal to T c . This procedure is implemented in Fig. 5 for several values of the rotation frequency Ω in units of r = Ω/ω ⊥ . For example, for T c = 63.14 nK we see that the corresponding number of particles is N = 3·10 5 , which coincides with the value for a critically rotating condensate in the experiment of Dalibard and co-workers [7] .
In principle, such a procedure is only applicable for low-accuracy calculations of the critical temperature, since otherwise one has to use very large values of the cutoff M which would practically slowdown numerical calculations. If one is interested in more precise results, a suitable M -dependence must be properly taken into account. In order to be able to efficiently extract the correct value of β c , we will derive an analytical estimate of the asymptotic error ∆β c = β c − β c (M ) which is introduced by the cutoff M . Note that always ∆β c > 0, since β c (M ) < β c compensates the missing terms in the sum (19) .
If we insert β c = β c (M ) + ∆β c into Eq. (19) , the error ∆β c can considered to be small for sufficiently 9 large value of the cutoff M . By comparing Eq. (19) with the exact expression (10) we obtain
The term m(E n − E 0 ) within the sum can be obtained by setting N 0 = 0 and applying the partial derivative ∂/∂β c to Eq. (19):
Note that the derivative of the particle number N with respect to β c is not equal to zero, since N is here effectively defined by the sum (10) . Therefore, we have instead
Clearly, the right-hand side is a negative quantity which does not depend on M . However, it does depend on β c and the energy spectrum of the system. If the system is close to a d-dimensional harmonic oscillator, which is the case for the potential (1) with the small anharmonicity relevant for the experiment, for large values of M we have approximately
where ω denotes an effective harmonic frequency. For the case of a large anharmonicity, the effective frequency ω would depend on k, representing the harmonic expansion of the potential around its minimum. With such an estimate, Eq. (24) reduces to
The term (M + 1) e −(M+1)βc ω in the denominator of the second factor can be neglected for large enough values of the cutoff M , yielding as a simplified version of the above expression:
In order to use the derived estimates for ∆β c , apparently one would already have to know the sought-after value of β c as well as the difficult derivative ∂N/∂β c . However, in practical applications this obstacle can be circumvented as follows. The expressions (27) and (28) can be used for fitting the numerical data for β c (M ) = β c −∆β c , as is illustrated in Fig. 6 . In this standard approach, all unknown values are fit parameters, obtained numerically by the least-square method. Note that not only β c is obtained by such a fitting procedure, but also other parameters, such as ∂N/∂β c , or the effective harmonic frequency ω. The important point here is to capture the correct M -dependence, while all other parameters do not depend on it, so that they can be extracted by fitting. For example, in Fig. 6 we have used the fitting function
which reproduces the numerical data quite accurately and gives high-precision results for the condensation temperature T c . The virtue of the derived estimates lies in the fact that they can be used to extract the information on the condensation 10 Table 3 . The full lines correspond to the semiclassical approximation for Tc from Ref. [10] .
temperature even for moderate values of M , when a saturation is not yet achieved. This substantially speeds up the numerical calculation of condensation temperatures, especially when it has to be done for different values of potential parameters, such as the frequency ratio r = Ω/ω ⊥ . Fig. 7 summarizes the numerical results for the condensation temperature T c for the anharmonicity k = k BEC as well as the particle numbers N = 3·10 5 and N = 1·10
4 . If we compare the obtained numerical results with the semiclassical approximation from Ref. [10] , we see that the agreement turns out to be relatively good for the undercritical regime, but it becomes worse for an overcritical rotation of the condensate. After presenting results for the ground-state occupancy, which were obtained from this approach in the next section, we will compare our numerically exact results with the semiclassical approximation in more detail, and identify the parameter ranges where a full numerical treatment becomes necessary.
Ground-State Occupancy
The ground-state occupancy is the next important global property of Bose-Einstein condensates we will look into. Below the condensation temperature a non-trivial fraction of atoms is in the ground state, thus yielding a macroscopic value of the occupancy ratio N 0 /N .
Using the same approach as above, we can calculate the ground-state occupancy from Eq. (18). The quartic anharmonicity is k = 10 3 k BEC , and the discretization parameters are given in Table 3 . The full lines depict the semiclassical results from Ref. [10] .
After determining the ground-state energy E 0 from an exact diagonalization of the evolution operator, we obtain
In order to calculate N 0 /N , we need the full singleparticle energy spectrum. For low temperatures, the large number of energy eigenstates obtained within the exact diagonalization is sufficient. In the sum of Eq. (30) we have again to introduce a cutoff M and to eliminate it by applying the methods described in previous sections. To this end one uses either a very large value for the cutoff or one derives the appropriate finite correction term, and fits the results to the derived function. [10] shows that the deviations increase with larger temperatures and smaller particle numbers. Fig. 9 depicts the errors of the semiclassically calculated condensation temperature, where the exact values are obtained by using the presented 11 and N = 1 · 10 4 (bottom). The quartic anharmonicity is k = k BEC , and the discretization parameters are given in Table 3 . The insets in both plots give the corresponding results for the large anharmonicity k = 10 3 k BEC .
Comparison with Semiclassical Approximation
numerical approach. As we can see, the agreement is relatively good for large particle numbers and small anharmonicity if the condensate rotates under-critically. The error in this case is of the order of 1 % to 1.5 %, and turns out to be minimal for a critical rotation. However, the error significantly increases for an overcritical rotation up to almost 3.5 % for r = 1.1. Therefore, while the semiclassical approximation is acceptable for undercritical rotation, in the overcritical regime a numerical treatment becomes necessary. This is even more pronounced if we decrease the particle number to 10 4 , which is quite typical for many BEC experiments. In that case, semiclassical results already have an error of the order of 20 %. For large anharmonicity the rotation effect is not so important, as we can see from insets on both graphs in Fig. 9 . However, increasing the particle number to 10 4 makes a numerical treatment indispensable, since the errors of the semiclassical results amount up to 5 %.
Local Properties of Rotating BoseEinstein Condensates
Local properties of ultra-cold quantum gases are ubiquitously used to observe and study the phenomenon of Bose-Einstein condensation. The prominent peak in time-of-flight absorption pictures, which appears suddenly when the temperature is decreased below T c , is a clear signature for the occurrence of a BEC phase transition. It is experimentally used to measure the thermodynamic properties of the condensate. In this section we will show how the presented numerical approach can be applied to calculate both the density profiles and the time-of-flight absorption imaging profiles.
Density Profiles
The two-point propagator ρ(x 1 , x 2 ) = Ψ † (x 1 )Ψ(x 2 ) defines via its diagonal element, i.e. n(x) = ρ(x, x), the density profile of atoms in a trap. For the ideal Bose gas, the density profile can be written as
where the second term represents the thermal contribution to the density profile. Furthermore, the quantities ψ n represent single-particle eigenstates, while the occupancies N n with n ≥ 1 are given by the Bose-Einstein distribution
Having at our disposal numerically calculated energy eigenvalues and eigenfunctions, we can calculate the density profile of the condensate. In order to do so, we first have to obtain the groundstate occupancy number N 0 using the approach described in the previous section. Once this is done, Eq. (31) allows to calculate the density profile. In view of a comparison with absorption imaging, which always produces two-dimensional profiles, we have to integrate our numerically determined threedimensional particle density n(x) along the imaging axis. Table 3 .
resulting density profiles of Bose-Einstein condensates for both the non-rotating and the criticallyrotating case. Obviously, a rotation of the condensate leads to an effective spreading due to the appearance of a centrifugal potential. Although this approach is sufficient for treating the low-temperature regime, where the condensate is present, we emphasize that the same method can also be used to deal with the thermal regime, when the temperature is increased beyond T c . For even higher temperatures, when the number of energy eigenstates, that need to be taken into account, exceeds the number of numerically accessible eigenstates, the presented approach can be extended in a similar way as the partition function was calculated previously as a sum of diagonal transition amplitudes. Using the cumulant expansion of occupancies and the spectral decomposition of thermal transition amplitudes, the density profile can be written for high enough temperatures as
Here A(x, 0; x, mβ ) represents the imaginary-time amplitude for a single-particle transition from the position x in the initial imaginary time t = 0 to the position x in the final imaginary time t = mβ . While both definitions (31) and (33) are mathematically equivalent in the case when one is able to calculate infinitely many energy eigenstates and amplitudes for an arbitrary propagation time, the first one is more suitable for low temperatures, when the number of relevant energy eigenstates is moderate, and the second one is suitable for high temperatures, when the imaginary propagation time β is small, and the short-time expansion can be successfully applied.
Time-of-Flight Graphs for BECs
In typical BEC experiments, a trapping potential is switched off and the gas is allowed to expand freely during a short flight time t which is of the order of several tens of miliseconds. Afterwards an absorption picture is taken which maps the density profile to the plane perpendicular to the laser beam. For the ideal Bose condensate, the density profile after time t is given by
where the density profile has to be integrated along the imaging axis, and the eigenstates ψ n (x, t) are propagated according to the free Hamiltonian, containing only the kinetic term, since the trapping potential is switched off. If the energy eigenstates are available exactly, either analytically or numerically, their propagation time can be calculated by performing two consecutive Fourier transformations:
where the term e −iω k t accounts for a free-particle propagation in k-space. In practical applications, when the energy eigenstates are calculated by a numerical diagonalization of space-discretized transition amplitudes, the natural way to calculate the above free-particle time evolution is to use Fast Fourier Transform (FFT) numerical libraries.
For high temperatures we can use a mathematically equivalent definition of the density profile which is derived again from using the cumulant expansion of occupancy numbers and the spectral de-13 Table 3 .
composition of transition amplitudes:
In both approaches it is first necessary to calculate the ground-state energy E 0 and the eigenfunction ψ 0 (x), as well as the ground-state occupancy N 0 . If we rely on Eqs. (34) and (35) to calculate time-of-flight graphs, we have to calculate as many eigenstates as possible by numerical diagonalization. Conversely, if it is possible to use directly Eq. (36), we can apply the effective action shorttime expansion of thermal transition amplitudes. In both cases FFT is ideally suited for calculating time-of-flight graphs.
Overcritical Rotation
The case of critical and overcritical rotation r ≥ 1 is realized in the Paris experiment by introducing the anharmonic part of the potential (1), so that the Table 3 .
condensate is confined even when the harmonic part of the trapping potential is completely compensated or overcompensated by the rotation. The experimental realization of this delicate balance was difficult to achieve, but nevertheless when the condensate was successfully confined while rotating overcritically, the measurements of its properties can be done using the standard techniques, including absorption imaging. Within the semiclassical approach one has to carefully consider this situation, since the chemical potential is defined by the minimum of the potential, and now cannot be simply set to zero anymore [10] . In our numerical approach, however, the implementation of the methods described in previous sections is straightforward even for overcritical rotation. First one calculates energy eigenvalues and eigenstates using exact diagonalization, yielding negative values for the first several eigenstates. Table 2 shows the resulting energy spectrum of an over-critically rotating condensate (r = 1.04) for the experimental value of the anharmonicity k BEC , as well as for the case of large anharmonicity 10 3 k BEC . Condensation temperature and other global properties as well as local properties of overcritically rotating condensates can also be calculated as before. Fig. 11 gives the time-of-flight absorption imaging sequence in the xy-plane for an overcritically (r = 1.04) rotating Bose-Einstein condensate with the anharmonicity k = k BEC and the particle number N = 3 · 10 5 at T = 30 nK, exhibiting an 14 interesting behavior. The initial density profile has a minimum at the origin, due to the shape of the anharmonic potential. The free expansion of the condensate leads to an increase in the particle density at the origin, and only afterwards the condensate density profile expands monotonically. Fig. 12 presents the time dependence of the particle density at the origin for varying rotation frequencies, parametrized by the ratio r = Ω/ω ⊥ . We read off that approaching the critical rotation slows down the expansion of the condensate. For overcritical rotation this is even more pronounced, due to the appearance of the peak in the particle density for the expansion time t > 0. This leads to an expansion which is typically an order of magnitude slower for the rotation with r > 1.
Conclusions
In this Letter a new method for numerically calculating short-time transition amplitudes based on the effective action approach is applied to the study of ideal Bose gases. Earlier derived higher-order discretized effective actions are used for an efficient numerical calculation of both global and local properties of fast-rotating Bose-Einstein condensates. To this end we have calculated large numbers of singleparticle eigenvalues and eigenstates using an exact numerical diagonalization of the space-discretized evolution operator matrix. Using this information, we have calculated the condensation temperature and the ground-state occupancy of the condensate, as well as density profiles and time-of-flight absorption graphs. We have also shown that a critical and an overcritical rotation can be studied using the presented numerical approach, and that it leads to a substantial increase in the time scale for the free expansion of the condensate after the trapping potential is switched off. Finally, we note that our approach can also be used for numerical studies of properties of rotating ultra-cold Fermi gases [25] .
